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ABSTRACT 
 
Finite element frame analysis programs targeted for design office application necessitate algorithms 
which can deliver reliable numerical convergence in a practical timeframe with comparable degrees of 
accuracy, and a highly desirable attribute is the use of a single element per member to reduce 
computational storage, as well as data preparation and the interpretation of the results.  To this end, a 
higher-order finite element method including geometric non-linearity is addressed in the paper for the 
analysis of elastic frames for which a single element is used to model each member.  The geometric 
non-linearity in the structure is handled using an updated Lagrangian formulation, which takes the 
effects of the large translations and rotations that occur at the joints into consideration by accumulating 
their nodal coordinates.  Rigid body movements are eliminated from the local member load-
displacement relationship for which the total secant stiffness is formulated for evaluating the large 
member deformations of an element.  The influences of the axial force on the member stiffness and the 
changes in the member chord length are taken into account using a modified bowing function which is 
formulated in the total secant stiffness relationship, for which the coupling of the axial strain and 
flexural bowing is included. 
 
 
1. INTRODUCTION 
 
Economy and optimisation of the material weight to unit area are important in contemporary 
engineering structures, and minimisation of the “carbon footprint” of the structure is now crucial and 
essential in its design.  In steel structures, this inevitably results in considerations in structural analysis 
in which geometric non-linearities are produced by changes in geometry involving large deflection, 
snap-through buckling, pre-and post-buckling as well as axial shortening due to the effects of member 
bowing, since slender members usually satisfy these economic and optimisation constraints.  Because 
of this, and with the evolution of steel framed structures with slender members and complicated frame 
topologies, much research has been devoted almost the last half century to the non-linear finite element 
analysis of frames which are prone to the effects of elastic instability. 
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Employing a cubic interpolation polynomial for the transverse displacement, Mallet and Marcel [1] 
engaged computational procedures for a finite element non-linear pre- and post-buckling analysis, 
while Jennings [2] also relied on the conventional finite element method to develop a non-linear 
analysis of a structure experiencing changes of its geometry; second-order iteration or predictor-
corrector methods were used to eliminate the drift-off error due to the geometric non-linearities.  
Powell [3] reported a thorough discrete finite element procedure, in which small strain but large 
deformation was assumed.  Continuing work during the 1980’s included that of Wood and Zienkiewicz 
[4], Meek and Tan [5], Chajes and Churchill [6] and Chan and Kitipornchai [7].  Finite element 
methods using one element per member for second-order frame analysis are very desirable for large-
scale frame. Al-Bermani and Kitipornchai [8] presented a method which is capable of accurately 
modelling large deflections in structures such as transmission towers using only one element per 
member.  Chan and Zhou [9, 10] developed a fifth-order finite element formulation to simulate second-
order effects in a member using one element with initial imperfections.  Izzuddin [11] subsequently 
formulated a fourth-order displacement-based finite element method for structures under thermal loads.  
In 2000, Liew et al. [12] formulated the element stiffness matrix using stability functions with initial 
imperfections, as in [10]. 
 
In structural engineering design, many different trial frame topologies are usually assessed in order to 
optimise the engineering design, and so the numerical analysis must be as efficacious and user-friendly 
as possible.  This is best achieved using one element per member.  As an evolution of the authors’ work 
in [13], the present paper proposes a robust, efficient and accurate finite element formulation for 
second-order elastic analysis using one element per member.  It is able to include non-linearities 
associated with the large deflections, snap-through buckling, pre- and post-buckling and the effect of 
member shortening due to bowing. 
 
 
2. FINITE ELEMENT FORMULATION 
 
The member is idealised in a finite element formulation from the standpoint of having only one 
element, for which the displacement functions are chosen as being required to satisfy the kinematic 
condition containing the P- induced second-order moments as shown in Fig. 1.  This paper uses a 
fourth-order displacement function [13, 14] to simulate the member bowing behaviour; this necessitates 
the use of an additional equilibrium condition which constitutes a secondary or statical boundary 
condition, as illustrated in Fig. 1.  The primary boundary conditions are 
 
0v  and 1θxv       at   x = 0, and   0v  and 2θxv      at   x = L          (1) 
 
for the transverse displacement v in the y-direction, while the equilibrium equation (secondary 
boundary condition) given in Fig. 1 produces 
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in which x L  ; zEIPLq 2 is an axial load or stability parameter and EIz the flexural rigidity 
about the z-axis.  The transverse displacement w in the z-direction can be formulated in a similar 
fashion. 
 
 
 
 
 
 
Figure 1. Equilibrium condition and degrees of freedom of an element about z axis 
 
 
3. STIFFNESS FORMULATION FOR 4TH ORDER BEAM-COLUMN ELEMENT 
 
The internal strain energy U caused by the axial strain x and twist strain x along the beam-column 
continuum can be expressed as, 
 
  
LL
y
L
z
L LL
xGJxw
EI
xvEIxwPxvPxuEAU d
2
d
2
d
2
d
2
d
2
d
2
22222  ,   (4) 
 
in which EA is the axial rigidity, EIy and EIz the flexural rigidities and GJ the torsional rigidity.  The 
elastic stiffness relationship for a general fourth-order element is derived from the total potential energy 
 in terms of the displacements; the total potential for non-linear analysis being the sum of the internal 
strain energy U in Eq. (4) and of the work done, which can be written as 
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where uk and fk are column vectors of the displacements and internal applied forces with respect to the 
corresponding freedom;  T1 2 1 2, , , , ,k z z x y yu       u  in which u = u1 – u2 and  x = 1 – 2.  It is 
worth mentioning that the axial force P in Eq. (5) is another form of the dependent variable q, which 
leads to a complete and symmetric bowing function in the following secant stiffness derivation.  Since 
the strain energy functional in Eq. (4) depends not only on the dependent variables uk but also on the 
load parameter q, invoking Castigliano’s first theorem of strain energy (as also given by Oran [15, 16]) 
produces 
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U U q
q
     K .                (6) 
 
Using this, the secant stiffness formulation can be obtained from 
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in which  = y or z.  And 
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In Eq. (9), e = u = u1 – u2 is the axial shortening of the original chord length to the deformed chord 
length with respect to the axial member load P as a dependent variable, b1 and b2 are bowing functions 
representing the effect of bowing on coupling between the axial load and the rotational deformations 
and the bowing term Cb is the length correction factor due to the effect of member bowing, which can 
be regarded as being complete and symmetric. 
 
The tangent stiffness matrix can be obtained from the second derivative of the total potential function 
in Eq. (5) with respect to the dependent variables uk and the load parameter q, which contains the 
second order P- effect.  When the external work done is linear, the second derivative of U with respect 
to uk produces the tangent stiffness matrix in the form 
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The tangent stiffness matrix for the fourth-order element, which relates the incremental deformation to 
the corresponding external loads imposed on the element in the member coordinate system, is then 
given in Appendix 1.  
 
 
4. NUMERICAL VERIFICATIONS 
 
4.1. Snap-through buckling of a toggle frame 
 
A shallow two-bar toggle frame was proposed by Williams [18] for demonstrating the snap-through 
buckling behaviour of a structure, and he presented experimental and analytical solutions for a toggle 
frame with fixed end supports under a vertical load P at its apex.  This is a useful benchmark solution 
for validating second-order elastic analyses using one element per member because of the simplicity of 
its geometry, and the incorporation of snap-through and pre- and post-buckling responses. 
 
It can be seen from Fig. 2 that the experimental results are disparate from the analytical ones when 
flexural shortening is excluded from the analysis, which is consistent with those of Iu and Bradford 
[13] using one element, but they agree very well with the results of the present paper and the second-
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order program NIDA [19].  These results also agree with those of Williams [18] with flexural 
shortening.  The present analysis took two seconds for the solution of the toggle frame. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Load-deflection curve and snap-through buckling of toggle frame 
4.2. Twelve-member hexagonal space frame 
 
A three-dimensional shallow space frame of hexagonal shape, which is composed of 12 identical 
members subjected to a vertical load P at its apex, is shown in Fig. 3 (which also lists the material and 
section properties).  This hexagonal frame was tested experimentally by Griggs [20], in which 
genuinely large rotations were recorded. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Load-deflection curve at vertex of hexagonal spatial frame 
 
Fig. 3 plots the load-deflection curves at the apex obtained from the present analysis, where they are 
compared with various solutions [5, 9, 21].  It can be seen that the results from the present analysis 
agree completely with those of Papadrakis [21] and Chan and Zhou [9], but the results of Meek and 
Tan [5], who used a cubic finite element, are discrepant with the other results in the snap-through and 
post-buckling range.  Fig. 4 shows the dimensionless axial loads in the leaning members.  The axial 
resistance in Eq. (9) embodies two major components, viz. the axial strain e/L and the bowing function 
Cb.  In the pre-buckling regime in Fig. 4, the axial strain component e/L dominates, with the bowing 
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function Cb making a negligible contribution.  However, in the post-buckling regime, the parameter e/L 
increases with a decreasing rate, whereas the bowing function Cb increases in order to counteract the 
axial strain completely.  In summary, the genuinely large rotations experienced by this structure ensure 
that its behaviour moves from axial compression dominance to member bowing, so the small load 
increment is necessary for reliable convergence. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Components of axial load resistance of the spatial hexagonal frame 
 
4.3. 168-member reticulated shell structure 
 
A reticulated shell structure containing 168 members, whose post-buckling analysis was undertaken by 
Paradiso and Reale [22].  Papadrakis [21] verified his vector iteration methods using this shell 
structure.  This reticulated shell with many components, with a central concentrated load P at its apex, 
experiences snap-through, pre- and post-buckling characteristics, as well as large displacements and 
rotations at its joints. 
 
The vertical displacement of the apex joint is also shown in Fig. 5 as a function of the dimensionless 
load P/(EA) ( 104), in which it can be seen that the results are very close to those of [21] throughout 
the loading and unloading portions.  The present method was able to analyse this reticulated shell with 
168 members in about 90 seconds, and so this numerical example demonstrates the capability as well 
as the efficacy of the proposed formulation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Vertical deflection at apex joint of reticulated shell truss 
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6. CONCLUDING REMARKS 
 
This paper has described the formulation of an efficacious non-linear finite element technique for 
elastic second-order frame analysis, which requires in most cases only one element per member.  The 
accurate modelling is affected both by an efficient updated Lagrangian approach for the global 
analysis, and by a sophisticated element stiffness formulation which is able to capture the geometric 
non-linear response of a member.  This higher-order element is able to replicate geometric non-
linearity within the member and for a framed structure with many members which involves large 
displacements, as well as bowing of the members and the associated shortening, snap-through buckling 
and pre- and post-buckling, leading to a versatile and powerful approach for structural analysis. 
 
The approach proposed herein can be considered as an augmentation of the finite element method with 
a stability function approach, and it removes the limitations of the finite element method in that one 
element per member is adequate for the geometrically non-linear modelling.  Using one element per 
member, the technique was compared with several analytical, numerical and experimental results 
reported independently, and was shown to be in very good agreement, particularly with a multiplicity 
of members and highly non-linear behaviour. 
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Appendix 1 – Stiffness Matrix Terms 
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in which I is the second moment of area about the relevant axis for which second order effects are 
considered, y = Iy/I, z = Iz/I, and the coefficients Gi and H are: 
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  LHθθbALI
L
θθ
qAL
I
L
e
q
zy
zy
q
11
48
1
,
2
212
2
,
2
214
35
4864
5
4816
2
2








 





  (16) 
